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In this paper we prove the following result: 
THEOREM I. Let a, ,..., a, be vectors in a Hilbert space S, each with 
length at least unity. The number of their linear combinations with coejicients 
0 OY 1 that can lie in the union of any k regions R, ,..., R, in S each of 
diameter less than (<) unity is not more than the sum of k largest binomial 
coe#icients on N. 
This result is related to a problem of Littlewood and Offord [l] on the 
distribution of roots of algebraic equations. Various special cases have 
been obtained by several authors [2-4]. Theorem I settles a long standing 
conjecture of P. Erdos [2]. 
The method of proof can be extended straightforwardly to prove the 
following generalization. 
THEOREM II, Let a, ,..., a, be vectors in a Hilbert space S each of 
length at least unity and let mk’ M, ,..., m, , M, be integers. Then the num- 
ber of linear combinations CnC1 ciai with coeficients ci integral and in 
[mi , M,] that lie in the union of any k regions in S each of diameter less 
than (<) one is no more than the number of such linear combinations whose 
“weights” (C ci) are among k “most populous” weights. This is the number 
of linear combinations satisfying 
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As this bound can be achieved by choosing all a’s identical, the result is 
best possible. 
We present the proof in detail for Theorem I only. Parallel steps for 
Theorem II are easily obtained. We can, without loss of generality, assume 
that our regions Rj are mutually disjoint. We do so below. 
We first note a well-known property of binomial coefficients. The sum 
of K largest binomial coefficients on N is equal to the sum of k + 1 and 
k - 1 largest binomial coefficients on N - 1. To prove this we note 
that k largest binomial coefficients on N are (f), ($i),..., ($‘), where 
r = [(N - k + I)/21 and s = Y + K - 1 = [(N + k - 1),‘2]. Applying 
the recursion (7) = (“7’) + (7:‘) t o each of these coefficient yield the 
desired relation, viz., 
We prove our theorem by induction on N. In light of the property 
just described we need only show that (0, I)-linear combinations of 
(aI ,..., aN) lying in k disjoint regions of diameter < 1 can be put in 1: 1 
correspondence with (0, 1)-linear combinations of (a, ,..., aN-J lying 
either in k + 1 or K - 1 such regions. 
Now (0, 1)-linear combinations of (al ,..., a,,,) have coefficient of aN 
either zero or one. In the former case they may be considered as (0, I)- 
linear combinations of (al ,..., aNPI) as they stand. They must lie in our 
k disjoint regions as sums of (al ,..., aNel) if they are to do so as sums 
of (al ,..., aN). In the latter case, involving linear combinations explicitly 
containing aN , the condition that they lie in our k disjoint regions is that 
their (a, ,..., aNPI) parts lie in the translation of these regions by-a, . 
If we show that the translation by -aN of at least one of our regions 
is disjoint from each of our k original regions we are done, since sums 
lying in our original k regions with aN correspond to sums without aN 
lying in these regions plus our translated region (k + 1 disjoint regions) 
or lying in the k - 1 other translated regions which are themselves 
mutually disjoint and of diameter < 1. 
If we consider a hyperplane normal to aN placed so that all regions 
Rl a-* R, lie on one side of it (the side on which x . aN > 0) and so that 
it just touches the closure of some Rj , the translation of Rj by -aN must 
lie on the other side of the hyperplane and hence must be disjoint from 
the regions R, **a RN . This remark completes the proof. 
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If we were concerned with linear combinations as in Theorem II we 
could proceed in the same manner. If the coefficient of uN can take on 
MN - mN different values we obtain (MN - m,)k regions in terms of 
(% >***, %-I) to correspond to the k regions R, *** Rk . The desired 
recursion relation is obtained if these can be divided into disjoint 
families of regions of sizes k + (MN - mN), k + (M, - mN) - 2, 
k + (M, - mN) - 4,... . The hyperplane construction above permits 
us to find such families. That is if mN = 0 the original k regions along 
with the translation of Rj as defined by -aN, -2a, ,..., -MNaN, 
form k + M, disjoint regions. Another disjoint family can be obtained 
by throwing away these and repeating the procedure just described. 
Iteration of this procedure produces disjoint families of regions which 
by induction yield the recusion satisfied by k most populous weights. 
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